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ON THE GENERALIZED RAMANUJAN-NAGELL
EQUATION x2 - D = 2n+2

LE MAOHUA

Abstract. Let D be a positive integer which is odd. In this paper we prove

that the equation x2 - D = 2"+2 has at most three positive integer solutions

(x, n) except when D = 22m - 3 • 2m+1 + 1 , where m isa positive integer

with m > 3 .

1. Introduction

Let Z, N, Q be the sets of integers, positive integers and rational numbers

respectively. Let D £ N be odd, and let N(D) denote the number of solutions

(x, n) of the generalized Ramanujan-Nagell equation

(1) x2-D = 2n+2,        x>0,n>0.x

In [1], Beukers proved that N(D) < 4.   Simultaneously, he showed that if

N(D) > 3 , then D must be among the following types:
(I) D = 22m - 3 • 2m+1 + 1, m £ N, m > 3 .

(II) 7> = ((22"I+1-17)/3)2-32, «leN, «i>3.
(III) D = 22m> + 22m< - 2mi+m< + x - 2"^+1 - 2m' + 1 + 1 ,2 mx, m2 £ N,

«i2 > mx + 1 > 2.
Moreover, equation (1) has exactly four solutions (x, n) = (2m - 3, 1),

(2m - 1, m), (2m + 1, m + 1), and (3 • 2m - 1, 2«i + 1) if D is of type I. In
this paper, we completely determine all D for which N(D) = 4 .

Theorem. If D is of type I, then N(D) = 4 otherwise N(D) < 3 .

2. Preliminaries

Lemma 1 [3, Formula 1.76]. For any m £ N and any complex numbers a, ß,

we have
[m/2]

am + ßm= £(-i;

;=0

(a + ß)m-2'(aß)',
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where
m

i

(m - i - l)\m .    -
i = 0, ... ,

m

TJ(m - 2i)\i\

are positive integers.   G

Lemma 2 [2, Theorem 6.10.3]. Let a/b, a'/b', a"/b" £ Q be positive with
ab' - a'b = ±1. If a"¡b" lies in the interval (a/b, a'/b'), then there exist

positive integers c, c' such that

a" = ca + c'a',       b" = cb + c'b'.   □

Lemma 3. If (If, V) is a positive solution of the equation

(2) U2 - 2V2 = 1

with 2m+x\V for some m £ N, then U + VV2 = (3 + 2v/2)2"" for some t £ N.

Proof. Since 3 + 2\/2 is the fundamental solution of equation (2), we have

U + VV2 = (3 + 2\/2> for some veN. Then

(('-0/2)/ v
(3) V=    £    (2i + i)y"a"l23,+l-

If 2m+l\V, then from (3) we see that 2|y . Further, if 2x\\y , since

we obtain A > m by (3). The lemma is proved.   D

Let d £ N be nonsquare, and let fcgZ with gcd(k, d) = I.

Lemma 4 [2, Theorem 10.8.2]. If \k\ < Vd and (X, Y) is a positive solution
of the equation

(4) X2-dY2 = k,        gcd(A,F) = l,

then X/ Y is a convergent of Vd.   D

It is a well-known fact that the simple continued fraction of \[d can be

expressed as [ao, ax, ... , af], where an = (Vd), as = 2a0, and a¡ < 2a0 for

i = 0,..., s — I.

Lemma 5. For any nonnegative integer j, let Pj/qj and y¡ denote the jth

convergent and complete quotient of \fd respectively. Further let

kj = (-iy-x(p) - dq2)   and   A} = (-iy(Pj_xpj - dq^qf).

Then we have:
(i) kj > 0, Aj > 0, and

\Aj + Vd]
(5) aj+x =

(ii) kj = 1 if and only if aj+x = 2a0 •
(hi) Let

kj

5-1,      if2\s,

25-1,    //2 t«.
-{



RAMANUJAN-NAGELL EQUATION 811

Then pt + q,Vd is the fundamental solution of the equation

(6) u2-dv2 = l.

(iv) For any m £ N, kms+i = k¡  (i = 0, ... , s - I).

(v) If 1 < k < Vd, 2d ^ 0 (modk) and equation (4) has solutions (A, Y),
then it has at least two positive solutions such that

(7) X<pt,        Y<qt.

Proof Since & < • • • < a» < ^±i <■■■ <Vd <■■■ < ^m±i < fetd < ... < a
^ 90 <72m ?2m+2 <72m+l 92m-1 <7l

for any m e N, we get kj > 0 and A; > 0. Since Pj-Xq¡-p¡qj-X = (-1)J, we

have

(8) Pj = Ajq¡ + k¡qj_,,        dq¡ = A¡pj + kjPj-x,

(9) d = A2 + kj-Xkj.

So we obtain

Pj-i -q¡-XVd _     (pj-x - qj-XVd)(pj + qjVd) _ Aj + Vd
(10)     7j+i Pj - qjVd (pj - qjVd)(pj + qjVd) kj

Since üj+x = [yj+x], (5) is proved by (10).
If kj = I, then from (8) we get

(11) Pj/qj=Aj + qj-X/qj.

From
rQj-i

if ;' = 1 and q0 = qx = I,

otherwise,
-Í1,

L Qj J     I 0,
we obtain Aj = «o by (11), and <3,+i = 2ao by (5). On the other hand, if

üj+i = 2ao, since A; < Vd by (9), then we have kj = 1 by (5). Thus (ii) is
proved.

By (ii), (iii) is clear. In addition, (iv) is Theorem 10.8.3 of [2].
Let (A, Y) be a solution of equation (4). Since k > 1 implies XY ^ 0,

then (|A|, |7|) is a positive solution of equation (4). By Lemma 4, |A|/|7|

is a convergent of Vd since k < Vd. Hence |A|/|F| = P2r+iIQ2r+i (y > 0).

Then there exists the integers a , i such that a > 0, 2\as, 2\i, and 0 < i < t,

since k > 1 . By (iv), we have k¡ = k. It follows that (p¡, q¡) is a positive

solution of equation (4) with (7). Let

(12) X' = pipt - dq¡qt, Y' = p,q, - />,(?,.

Then A', Y' are coprime integers. From

A'2 - dY'2 = (p2 - dqf)(p2 - dq2) = k ,

we see that (A', Y') is a solution of equation (4). Further, (A', Y') is a

positive solution by

0 < A' - Y'Vd = (Pi + q,Vd)(pt - q,Vd) = Pl + ^ < 1.
Pt + QtVd

By Lemma 4, X'/Y' is a convergent of Vd . From

A' + Y'Vd = (pj - q¡Vd)(p, + q,Vd) <p, + q,Vd,
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we get A' < pt and Y' < qt. If (A', Y') = (p¡, q¡), since gcd(p¡, q¡) = 1 ,
then from (12) we get

pt - I = cxq¡,    dqt = cxpi,    pt + 1 = c2p¡,    qt = c2q¡,        cx, c2 £ N.

Since Cip, = C2ßf^,, we have cx = cq¡, C2d = cp¡, where c £ N. Hence

2d = C2dpi-cxdq¡ = c(p2-dqf) = ck = 0 (mod fc), a contradiction. Therefore
(A', F') ¿ (pt, q¡), (v) is proved.   D

Let 1(d) = {(dx, df)\di, d2 £ N, dxd2 = d, gcd(dx,d2) = I}, and let
I'(d) = I(d)\{(l,d)}.

Lemma 6 [4]. There exists at most one pair (dx, df) £ I'(d) which make the

equation

(13) dxu'2-d2v'2 = 1

has solutions (iï ,v').   o

Lemma 7 [2, theorems 11.4.1 and 11.4.2]. 7é>í (dx, df) £ 1(d). If (A, Y) is
a solution of the equation

(14) dxX2-d2Y2 = k,       gcd(A,F) = l,

then there exists a unique integer I such that

l = dxaX-d2ßY,        0<l<\k\,

where a, ß £ Z with ßX -aY = 1. Such I is called the characteristic number

of the solution (X, Y), and it will be denoted by (X, Y). If (X, Y) = I, then
we have

dxX = -lY   (mod A:),     I2 = d   (modk),    %cd(k ,21 ,l-^\ = I.   D

Lemma 8 [2, Theorem 11.4.2]. Let (Xx, Yx), (X2, Yf) be solutions of equation

(14). 7«e« (A, ,YX) = (X2, Y2) if and only if

X2Vd~x + Y2Vd~2 = (XxVd[+ Yx Vd~2)(u + vVd),

where (u, v) is a solution of equation (6).    D

Lemma 9. If 2 \ d and the congruence

(15)

l2 = d     (mod2m+2),        0</<2w+2,        gcéÍ2m+2,2l,l-^-\ = l,

has a solution I for meN, !«e« it has exactly one solution I' = 2m+2 - I with

Proof. Let /' be a solution of (15) with /' ^ /. Since 2 \ d implies 2 \
II', we get from I2 = I'2 = d (mod 2m+2) that /' = SI (mod 2m+x), where

<5 G {-1, 1}. If S = 1, then /' = / + 2m+xt for some t £ Z. Notice that

2 \ (I2 - d)/2m+2 and 2 \ (Ia - d)/2m+2. From

-^-tt- =  „   L,  + It + 2mt2 ,
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we get 2 I t, and so /' = / since 0 < /, V < 2m+2. This is a contradiction.

Hence S = -1. Then /' = -/ + 2m+1l for some t € Z. From

]i2 _ A        ]2 _ fj

2^+2        2m+2

we obtain /' = 2m+2 - / since 0 < /, /' < 2m+2 . The lemma is proved.   D

Lemma 10. Let m £ N, and let (dx, df) £ 1(d). If 2\d and (A0, To) is a
solution of the equation

(16) dxX2-d2Y2 = 2m+2,        gcd(A,F) = l,

then all the solutions of equation (16) are given by

X^fdx + Y^d~2 = (A0 \fd[+ YoVd~2)(u + vVd),

where (u,v) is an arbitrary solution of equation (6).

Proof. Under the assumption, (Ao, -YQ) is a solution of equation (16) too.

Let / = (A0, Y0) • Then (A0, -Y0) = -I (mod 2m+2). By Lemma 9, we have

either (X, Y) = (X0, Y0) or (X, Y) = (X0, -Y0) for any solution (A, Y) of

equation (16). Thus, by Lemma 8, the lemma is proved.   D

Lemma 11. If 2 \ d and the equation

(17) A2-¿T2 = 2Z+2,        gcd(A,y) = l,        Z>0,

has solutions (X, Y, Z), then it has a unique positive solution (Xx, Yx, Zx)

such that

(18) ZX<Z,        KXx + YxVt<(ux+vxVd)2,
Xx — Yxva

where Z runs over all solutions of equation (17), ux+vxVd is the fundamen-

tal solution of equation (6). Such (Xx, Yx, Zx) is called the least solution of

equation (17). Moreover, all solutions of equation (17) are given by

_     _,          A + Fv^     (xx±YxVd\.   ^    n.Z = Zxt,        -2-=1-2-J  (u + vVd),

where t is an arbitrary positive integer, (u,v) is an arbitrary solution of equa-

tion (6).

Proof. Let (A0, Yo,Zx) be a solution of equation (17) with Zx < Z . By
Lemma 10, all solutions of equation (17) with Z = ZX are given by

(19) A + YVd = (X0± Y0Vd)(u + vVd).

Since u + vVd = ±(ux + vxVd)y   (y £ Z), we see from (19) that equation (17)

has a unique positive solution (A], Yx, Zx) which satisfy (18).

For any t £ N, let

X, + YtVd _ (xx + YxVdY
2        =[       2       )   '
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Xx + YxVd _     Xx-YxVd
e =-=-,        e =

2 ' 2
By Lemma 1, we have

it/2] j.   , [t/2]

*, = *' + ? = £(-!)'•   }   (e + ê)'-2'(eë)' = ^(-l)'

1=0

Y,=
e'-ê'

Vd
= <

e-e~VT
.(f-l)/2

1=0

[i/2]

D
i=0

(e-I),-2'-x(eI)'

(1-0/2

X{-2i2Zii,

-« E
i=0

oí' öl'   (a-1)

(dYff-W-W t     if2{t.

(í'-l)/2r/,.

—=?- ] I (e2J''+e2;' )=   y,   J]      .   (dYif-W-W
vd     j=0 \      ¡=0   LfJ y

„_1  /[2V/2] ,      ,. \

-ni e (-D't 2/)^-"H.
(ff = 2°/,,a>0,2tf.

Since 2 f AiFi implies 2 f A,y,, we see that (A,, Y,, Zii) is a solution of
equation (17). Further, by Lemma 10, all solutions of equation (17) with ZX\Z

are given by

X + YVd      lxt±YtVT
Z = Zxt, (u + vVd)

(xx±YxVd\i n.I 2 -I  (u + vVd).

Let (A', y, Z') be a solution of equation (17) with ZX\Z'. Then Z' =

Zxt + Z0, where 1, Z0 € N satisfy Z0 < Zx . Let / = (A,, Yt), and let /' =
(X', Y'). By Lemma 7, we have

/2 = ¿ (mod 2Z''+2),        /'2 = d (mod 2Z'+2),

X, = -/y, (mod 2Z>'+2),        A' = -/'y' (mod 2Z'+2).

Since 2 f //', we get /' s SI (mod 2Z',+2), where S e {-1, 1}. From (20),

XtX' -adYtY' = 0   (mod2Z|'+2),        X,Y' -SX'Y, = 0   (mod 2Z|,+2).

There exists the integers X" , Y" such that

(21) A,A'-cWy,y' = 2Z|'+2A",        X,Y'-ÔX'Y, = 2z't+2Y".

Then
X'Y'(X2-dY2) = 0   (mod gcd(2z',+2A", 2Z|,+2y")).

Since 2 \ X'Y', we get 2 f gcd(A", F"). From (21) and

2z'+zxt+4 = ,X2 -dY2)(X'2 -dY'2) = (X,X' - ôdY,Y')2 - d(X,Y' - ÔX'Y,)2,
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we have
X"2-dY"2 = 2z\

Since d = 1 (mod 8) implies Zo > 2, we see that (A", Y", Zn - 2) is a solu-

tion of equation (17) with Z < Zx, a contradiction. The lemma is proved.   D

Lemma 12. Let (dx, df) £ I'(d). If 2\d and the equation

(22) i/1A'2-d2y'2 = 2z'+2,        gcd(A', Y') = 1,        Z'>0,

has solutions (A', Y', Z') then equation (17) has solutions (A, Y, Z). More-

over, if equation (13) has solutions (u',v'), then all solutions of equation (22)

are given by

(23) Z' = Z,        X'yfIx + Y'y/J2 = (X+YVd)(u'^fIx+v'sfdf),

where (X,Y,Z) and (u',v') are arbitrary solutions of equations (17) and

(13) respectively. If equation (13) has no solution, then all solutions of equation

(22) are given by

X'Jdl+Y'y r
(24)     Z' = Z'xt',        "V"':J v"2 = pv»i^iV"2      (m + ^}

w«ere 1' w an arbitrary positive integer with 2 \ t', (u,v) is an arbitrary

solution of equation (6), (Aj, y^Z,') is a unique positive solution of equation

(22) such that

(25) Z( = f,     1<^§±^§<(W1+,1V^)2,¿ X[Vdi-Y{y/d2

where (Xx, Yx, Zx) is the least solution of equation (17), ux + vxVd is the

fundamental solution of equation (6). Such (X[, Y[, Z[) is called the least

solution of equation (22).

Proof. Let (A', Y', Z') be a solution of equation (22). Then

dxX'2 + d2Y'2\   _d{x>Y')2 = 22*'+2,

where (dxX'2 + dfY'2)/2 and X'Y' are coprime integers. It follows that equa-

tion (17) has solutions.

If equation (13) has solutions, then (23) gives out all solutions of equation

(22) clearly.
If equation (13) has no solution, by Lemma 10, equation (22) has a unique

positive solution (X[, Y[, Z[) satisfies Z[ < Z' and

1<Aiv^+y;v^<(       ^)2

where Z' runs over all solutions of equation (22). Since ((dxX[2 + dfY'2)/2,

X\Y[, 2Z[) is a solution of equation (17), by Lemma 11, we have 2Z( = Zxt

for some t £ N. If t > 1, then Z[ > Zx. By such that same argument as in

the proof of Lemma 11, there exists the integers X" , Y" satisfy

i^A"2 - úf2y"2 = 2Z¡~Z| ,        gcd(A", Y") = 1.



816 LE MAOHUA

Recalling that Z[ < Zx and equation (13) has no solution. It is impossible.

Therefore t = 1 and (25) is proved.

Finally, by such the same argument as in the proof of Lemma 11, we can

prove that all solutions of equation (22) are given by (24). The proof is com-

plete.

Lemma 13. If 2 \ d, then there exists at most two distinct pairs (dx, df) £ 1(d)

which make equation (16) have solutions (A, Y).

Proof. Let (dx, df), (d[, d'f) £ 1(d) with (dx, df) ¿ (d[, d'2). We assume
that the equations

(26) dxX2 - d2Y2 = 2m+2,       gcd(A,y) = l,

and

(27) d\X'2 - d'2Y'2 = 2m+2,        gcd(A' ,Y') = I,

have solutions (A, Y) and (A', Y') respectively. Let I = (X,Y) and /' =

(A', Y'). By Lemma 9, we have /' = SI (mod 2m+2), where «5 e {-1, 1}.
Further, by Lemma 7, we have

dxX = -lY   (mod2w+2),    d'xX'=-I'Y'=-SlY'   (mod 2W+2).

Hence

dxd'xXX' = Sl2YY' = SdYY' (mod2w+2),

diSlXY' = d\lX'Y (mod 2W+2).

Let dxx = %cd(dx, d[), dx2 = gcd(¿?i, d'f , d2x = d[/dxx, d22 = d'2/dx2. Since
dxd2 = d[d2 = d, then dx = dxxdx2, d2 = <72ii/22, d\ = dxxd2x, d2 = dx2d22.
Notice that 2 \ dll'. We obtain from (28) that

dxxXX' - 8d22YY' = dx2XY' - Sd2xX'Y = 0   (mod 2m+2),

whence we get

(29)    ¿1,AA'-cW22yy' = 2m+2A",      í/12Ay'-r5í/21A'y = 2m+2y",

where X", Y" £ Z. By (26) and (27),

22m+* = (dxX2 - d2Y2)(d'xX'2 - d'2Y'2)

= d'{(dxxXX' - ôd22YY')2 - d'{(dX2XY' - ôd2xX'Y)2,

where d'{ = dx2d2x , d'{ = dxxd22 with d'{d'{ = d . Substituting (29) into (30),
we get

(31) d'(X"2-d'{Y"2 = l.

Since (dx, df) ¿ (d[, d'f) implies dx2 > I, d[' > I, and (d'{, d'f) £ I'(d).
From (31), such (d'{, d'f) is unique by Lemma 6. We note that if (dx, df) is

fixed, then the corresponding (d[', d'f) are different for some distinct (d[, d'f).

This implies the lemma.   D

3. Further preliminary lemmas

Throughout this section, we assume that D is a nonsquare. Notice that the

least solution of the equation

(32) A2 - 7>y2 = 2Z+2,        gcd(A,y) = l,        Z>0,

is unique. By Lemmas 12 and 13, the following two lemmas are clear.
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Lemma 14. If there exists two distinct pairs (Dx, Df) £ I'(D) which make the
equation

(33) DXX'2 - D2Y'2 = 2Z'+2,        gcd(A', Y') = I,        Z' > 0

have solutions (A', Y', Z'), then the least solution (Xx, YX,ZX) of equation

(32) satisfies 2\ZX.

Lemma 15. There exists at most three distinct pairs (Dx, Df) £ I'(D) which
make equation (33) have solutions (X', Y', Z').   D

Lemma 16 [1, Lemma 7]. Suppose there exist integers a, b, A, B, m such that

A + BVd     (a + bVD\m ...
-=-=    -z-I    ,        m>l,b^0,a = Db   (mod 2).

If D > 1 and D = 1 (mod 8), then \B\ > 1 except when m = 2 and a, b £

{-1,1}.    D

Lemma 17. If (x, n) is a solution of equation (1), then (x, 1, «) is a solution

of equation (32). Let (Xx, Yx, Zx) be the least solution of equation (32), and

let ui + vxVD be the fundamental solution of the equation

(34) u2-Dv2 = l.

Further let

_ xx + yxVd       __ Ai -yxVd
(35) £" 2 e~ 2

p = ux +vxVd,        p = ux -vxVD.

x + sVd

Then

(36) n = Zxt, =e'ps,       S£{-l,l},

where s, t £ Z satisfy

,„-^ n „ Í 2,    if2\s,2\tandx = ^f,
(37) s>0,        t>0,        gcd(i,r) = {    '       ,'     .'

L 1,    otherwise.

Proof. By Lemma 11, (36) holds for some s, t £ Z with 5 > 0 and t > 0.
Moreover, by Lemma 16, 5 and t satisfy (37). The lemma is proved.   D

Lemma 18. Under the assumption of Lemma 17, we have S = xYx ¡Xx (mod 4).

Proof. Let

X + YVD      , r-    _s
-r-=e,        u-vVD = p.(38) 2        =e>

By Lemma 1, we have A, Y £ Z satisfy

[f/2] r    -, [Í/2]

A = e'+e' = ^(-l)'   |   (£ + ë)'-2'(eë)' = 5](-l)'
(39) '=o L J <=o

A[ - 21AÍ"2 (mod 4),    ifZx = 1,

;r|-*2z'i

^{
Af(mod4), //Z, >1,
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' Y[ + 2tY[-2 (mod 4),     ifZx = l,2\t,

e'-ê'
(40)    r—jg-mi

(Y( + 2t'Y(~2)(X( - 2t'x(~2) (mod 4),

ifZi = 1, l = 2Q/',a>0,2tl',

Y[ (mod 4),     ifZx>l,2\t,

( Y(X\-1' (mod 4)    ifZi > 1, t = 2at' ,a>0,2\t',

since D = 1 (mod 8). Notice that 4 | v when D = 1 (mod 8). Then from

.... x + sVd    (x + yVd\i       /=.
(41) ---=1---Uu-vVD),

we get x = Xu - DYv = Xu (mod 4) and S = Yu - Xv = Yu (mod 4), and

so

(42) S = ^    (mod 4).

Since A2 = 7>y,2 (mod 8), substituting (39) and (40) into (42), the lemma is
proved.   D

Lemma 19. If (x, n) is a solution of equation (1) with 2 | «, then 2" < D2/16.

Proof. Under the assumption, we have x + 2n/2+x = Dx and x - 2"/2+1 = 7)2,

where (7>,, Df) e 7(D). It follows that 2"/2+2 = T>i-T>2<7>-l<7>. Thus
the lemma.   D

Lemma 20. If (x, n) is a solution of equation ( 1 ) with 2 \ «, then 2\Zxt and

(x, 2Zl((i_1)/2)) is a solution of the equation

(43) x'2 - 2Zl+2y'2 = D,    gcd(jc' ,y') = l,

satisfying
/ /   2ZI«'-')/2)) = / ~Xx (mod D) '        Z/2 ' 5 '

V    ' ;     \ -A,«, (modo),    i/215.

Proof. By Lemma 7, we have

(44) (x,2z-«'-')/2)) = -2z|((f_1)/2)    (mod 7)).

From (38) and (41), we get

x = Xu=X^- = 2^l-x^Xxu\

( 2zA(t-D/2)Xi (modß),        ;/2|5,

2z>«'-|>/2>A1w1 (mod D),    if2\s,

since 2\Zxt, X2 = 2Z|+2 (mod D) and w2 = 1 (mod D). Substituting (45)

into (44), we obtain the lemma.   D

Lemma 21. Let (Xx ,YX,ZX) be the least solution of equation (32). If 2rZ|+2 <

VD for some r £ N, 1«^« the fundamental solution p = ux +vxV~D of equation
(34) satisfies p > Dr'2/22r-2.

Proof. By Lemma 11, there exists X¡■, Y¡ £ Z  (i = I, ... , y) such that

A2 - DY2 = 2Z'M,        gcd(A,, y) = 1,        i = 1, ... , r.

^{
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Since 2rZl+2 < VD, by (v) of Lemma 5, VD has 2r convergents psJqSi and

Pu/Qt,  (i=l,...,y) suchthat

kSi = kti = 2Z|,+2,       2\Siti, 0 <Si,U<t,i=l,...,y,

where t was defined in (iii) of Lemma 5. Therefore, by (i) of Lemma 5, we

have

(46)

as¡+l —

"t,+l =

ASi + VD

Ati + VD

>

>

VD
2zxi+2 '

VD
2zii+2 ' i=l, ... ,r.

Notice where po = «o > Vi = «o^i + 1 > and P/+2 = aj+2Pj+i +Pj for ; > 0. By
(iii) of Lemma 5, we deduce from (46) that

t y

p > ux = p, > Yl a}■> a0 Y[as<ati
;=0 i=\

> ao\j[ 2^T2 J
D'l2

2r(r+l)zx+4r '  22r~2 '
>

since ao = [V^D]. The lemma is proved.   D

Lemma 22 [1, Lemma 6 and the proof of Theorem 3]. Let (x, n), (x', «'),

(x", n") be three solutions of equation (1) with n" > «' > « . We have.

(i) If x' -x = 2, then either D is of type I or D is of type III and (x, x') =
(2™2 - 2m' - 1, 2mi - 2m' + 1).

(ii) If x' - x = 4, then D is of type I.
(iii) If D is of type II and (x, x', x") = ((22m+x - 17)/3, (22m+1 + l)/3,

(17-22m+1-l)/3), then n" = 2n' + 3.
(iv) With the exception of above cases, x' - x > 6 and n" > 2«' + 53 .    D

Lemma 23 [1, Corollaries 1 and 2]. If (x, n) is a solution of equation (I),

then « < 433 + (101og7))/log2. Moreover, if D < 296, then « < 16+
(2 log D)/ log 2.    D

4. Proof of theorem

By Theorems 3 and 4 of [1], it suffices to prove that N(D) = 3 while D >

1012 and D is of types II or III. Moreover, if D is a square, then N(D) < 1.
We may assume that D is not a square.

Assertion 1. If D is of type II, then N(D) = 3.

Proof. In this case, equation ( 1 ) has three solutions

'22m+l _ 17

(Xi , «i

(47)

(*3 , "3) =  ( -

)2m+l

,3

1

22m+l

(x2, nf) = ( ^— ,2m + I

,4m+ 5
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By the proof of Theorem 3 of [1], if N(D) > 3, then equation (1) has another

solution (x4, nf) with «4 > «3. By Lemmas 19 and 22, we see that 2 \ «4.
Let (Ai, Yx, Zi ) be the least solution of (32), and let e, e, p, ~p he defined as

in (35). Then, by Lemma 17, we have

(48) ni = Ziti,    Xi + *       =et¡PSi,       ôt £ {-1, 1}, i = I, ... , 4,

where s¡, t¡ £ Z  (i = I, ... , 4) satisfy

(49) s,> 0,        ti > 0,        gcd(s,, U) = 1,        i = 1,..., 4.

We see from (47) and (48) that equation (43) has three solutions (Xj, 2Zl(('-'~1)/2))

(7 = 2,3,4). Let l¡ = (Xj, 2*«''-|>/2>) (j = 2,3,4). By Lemma 7, we get
from (47) and (48) that

22m+1 + 1 17 • 22m+1 - 1

2        3 ~ ~ T, . 2^i(('2-l)/2) +  3 . 2^i(('3-l)/2)

2(2-, —1)/2
- ~3.22m+2(23w+3 - 17 • 22m+1 + 2m+2 + 1)^0 (mod D).

It follows that kf1 h ■ Further, by Lemma 20, we have either /4 = l2 or /4 = f .
Furthermore, by Lemma 8, we get

JC4 + 2Zl(('4-l)/2)v^T2

I (x2 + 2Z^-X^V2^+2(U' + V'V2^+2),     ifl4 = l2,

' \ (x3 + 2z'«'3-')/2)v2^+2)((7' + V'V2^+2),    ifU = h,

and hence

Cif)) 2z,((i4-l)/2) _   I   X2y    +z V>      IJI4-I2,

{    ' (xiV' + ̂ '^WU',    ifU = h,

where (If, V) is a positive solution of the equation

(51) i/'2-2Z|+2F'2= 1.

Since I3 > 12, we obtain

(52) 2z,((r2-l)/2)|F.

by (50). On applying Lemma 3 with (52), we have

(53) If + V'V2Z'+2 = (3 + 2v/2)2'"',        yeN,

since Zxt2 = 2m + I . From (53), we deduce 2lf > 25'2m     and

(54) «4>2m+l + 5-2m

by (47), (48), and (50). On the other hand, by Lemma 23, we have

(55) «4 < 433 + 10^-^ < 433 + 40m
log2

since D < 24m .  The combination of (54) and (55) yields m < 1 and D <

24m < 228 < 1012. Thus the assertion is proved.   D
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Assertion 2. If D is of type III, then N(D) = 3.

Proof. In this case, equation ( 1 ) has three solutions

(xx,nx) = (2^-2^-l,mx),

(56) (x2,n2) = (2^-2^ + l,m2),

(x3,«3) = (2W2 + 2"!'-l,m2 + «i1).

If N(D) > 3, then equation (1) has another solution (#4, «4) with «4 > «3.

Moreover, then (48) and (49) still hold by Lemma 17.
When 2|«ii and 2|m2, we get from (56) that

Ai - 7>12 = 2Wl/2+2,        7>21 - D22 = 2m^2+2,

where

Dxx = 2m2 - 2m' + 2mi/2+1 - 1,       Dx2 = 2mi - 2m> - 2ml2+x - 1,

D2X = 2mi + 2mi/2+x - 2m< + 1,       D22 = 2"12 - 2mil2+x - 2m' + 1.

Since (Du , DX2), (D2X, D22) £ I'(D) and (Dxx, Dx2) ¿ (D2X, 7»22), by Lemma

14, the least solution of equation (32) satisfies 2\ZX . Therefore, 2|«4 by (48).
Then we have

7>31 - 7>32 = 2(^+m')/2+2,        7)41 - 7»42 = 2"</2+2,

where

ß     _ 2»i2 4. 2('"2-rm,)/2-l-l _,_ 2wi _ 1 ̂  £)n = 2™1 - 2<m2+'"i)/2+l 4. 2mi _ 1

D4X = x4 + 2n<'2+x, D42 = x4 - 2n*'2+x.

Since (7>31, D32), (7»41, 7»42) £ I'(D), and (DiX, Di2) (i = I, ... , 4) are

different, this implies that there exist four distinct pairs (Dx, Df) £ I'(D) which

make equation (33) have solutions. By Lemma 15, it is impossible.

When 2 | «ii and 2 \ w2, we have 2 \ Zx by (48). If 2 | «4, since
2 | «li, we see from Lemma 14 that 2 | Zx, a contradiction. Therefore 2 \ «4
and equation (43) has three solutions (x¡■■, 2Z|(('j_1)/2)) (j = 2,3,4). Let

lj = (Xj, 2Z>«'-1)/2))   (j = 2, 3, 4). From (56), we get

2"-2 - 2»" + 1      2^ + 2m-' - 1

2      3 =       2zi(('2-')/2)    +     2z'(('3-1)/2)

s 2llS^72 (-2W|/2(2m2 - 2m- + 1) + (2m> + 2*' - 1)) * 0 (mod D).

It follows that /2 ^ /3 and either /4 = /2 or /4 = /3 by Lemma 20. By such

the same argument as in the proof of Assertion 1, then (50) and (52) still hold.
Hence

fJ' + F'v^2 = (3 + 2v/2)2,m2~"/\        yeN,

whence we get 277' > 25'2(m2~ '   . On applying this with (50), we obtain

(57) «4 > m2 + 5 • 2(m2"3)/2.

On the other hand, since VD < 2mi, we have

(58) «4<433+10Í^ <433 + 20m2
log 2
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by Lemma 23. The combination of (57) and (58) yields m2 < 17 and D <
234 < 1012 , which is in contradiction with the assumption.

Let 2\mxm2 and 3.6«ii > m2 . Since 2 | w2 + mx, we have 2 \ «4 , and

equation (43) has three solutions (xj , 2z'((0-1)/2)) (j = 1,2, ... , 4). Let lj =

(Xj, 2z>(('7-i)/2)) (; = 1, 2, 4). By Lemma 7, we obtain lx ± l2 . Furthermore,

by Lemma 20, we have either /4 = lx or /4 = /2. By such the same argument as

in the case that 2\mx and 2 \ «i2, we can prove U±l2. If U = lx, we have

x4 + 2Z'(('4"1)/2V2Z'+2 = (2m2 - 2m' - 1 + 2Zl(('1_1)/2)v/2zi+2)(i7/ + fV2z>+2) ,

whence we get

2zi(('4-i)/2) _ (2m2 - 2m' - l)V + 2Zl(('i_1)/2'c/',

where If', V eN satisfy (51). Hence 2Z'«''-1>/2)|F' and

V
C5Q1 2Zl((Í4~'1'/2) — C?m2 - ?m' - 11_1- 77'
l3yj -(z z 1i2zl((i,_i)/2) +^ •

Further, by Lemma 3, we have

(60) (7' + F'v/2z^2 = (3 + 2v/2)2<'"l"1)/2y,        yeN,

since «ii = Zili and 2 \ Zx. Furthermore, we see from (60) that If = 1

(mod 8) and

2zMtx-l)/2)  = 3 ^3r     (m0d8)

since mx > 3 . Hence, we obtain y = 3 (mod 8) by (59). It implies that y > 3

and
2(7' > 215-2<m'"3)/2

by (60). On applying this with (59), we get

(61) «4>mi + 15-2(m'-,)/2-2.

On the other hand, by Lemma 23,

(62) «4 < 433 + 10^? < 433 + 20w2 < 433 + 12mx.
log2

The combination of (61) and (62) yields mx < 13 and D < 22m* < 272w' < 296.

On applying Lemma 23 again, we have

«4 < 16 + 2TC^? < 16 + 4m2 < 16 + I4.4mx.
log 2

On combining this with (61), we get mx < 5 and D < 236 < 1012. Thus

N(D) = 3.
Using the same method, we can prove the assertion for the case that 2 \ mx,

2\m2, and w2 < 3.6«i!.
Let 2 \ mx and m2 > 3.6mi . We obtain from (48) that

(63) (^1±^\,,= (^

Since x2 = 1 (mod 4) and x3 = -1 (mod 4), we have

(64) S2 = -S3
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by Lemma 18. Since 2m' - 2m> - 2 < VD < 2m> - 2m' - 1, we have

Í3logí2J_^ + /2logí3±^>i2Í3log2z.

by (48) and (56). Hence, from (63) and (64),

(65)

823

\S2t3-S3t2\l0gp =
t       x2+S2\/D             xt, + SiVD
h log-r-t2 log-

.    x2 + Vd          x3 + Vd
= r3 log-+ i2 log —--t2h log 2Z|

<l3logi((2m2-2m| + l) + (2W2-2m' -1))

+ t2\og\((2m* + 2W> - 1) + (2m2 - 2m> - 1)) - i3log2m2

</2log2m2.

Notice that only one of «2 and «3 is even. We see from (49) that 2{s2r3-s3l2

If \s2t3 - Í3Í2I > 1. then |s2i3 - s3i2| > 3 and

(66) 31og/?<i2log2m2

by (65). Recalling that m2 = Zxt2 and 2 \ Z,. Since 2m^~x < VD < 2m*, we
get

VD>{21"""^'    ifZ< = 1'

By Lemma 21, we have

(67) log/? >

2(fc-D*i+2,    ifZx>l.

(t2-3)logVD-(t2-4)loè4,    ifZx = l,

h <-{

(t2-l)loeVD-(t2-2)loe4,    ifZx>l.

Recalling that D > 1012. The combination of (66) and (67) yields

4,    ifZx = l,

2,    ifZx>l,

a contradiction. Thus

(68) s2t3-s3t2 = ±l.

Let a = (log(e/ë))/log/?2, and let

..      ,    ,    x + Vd
A(x, n) = log--= ,

x - VD

for any solution (x, n) of equation (1). Then we have

(69)
s,     SiA(Xi, n¡)

a-= -;-^—
U        tjlogp2

i = l,...,4,

by (48). We see from (64) that a lies in the interval (s2/t2, s3/t3). Moreover,

since r4 > t¡ and A(x4, «4) < A(xj , n¡) for j = 2, 3, we see from (69) that

s4/i4 lies in the interval (s2/r2, s3/t3) too. By Lemma 2, we get from (68) that

(70) 14 = ct2 + c'ti,       s4 = cs2 + c's3,       c,c'eN.
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From (48) and (70), we have

(71)        x4 + s4Vd = sU_S4 =fx2 + s2Vd\ c fx3 + s3Vd\ c

Let

(72)     X2 + Y2VD = fx2 + â2VDY X3 + Y3VD = Íx3 + S3VdY

Then A2, Y2, A3, y3 are integers. Let e2 = (x2 + S2V5)/2, and e2 =

(x2 - ô2VD)/2 . Since e2 + ë2 = x2 = 1 - 2m' (mod 2m2) and e2e2 = 2m2 = 0

(mod 2"12), by Lemma 1, we have

[m/2]

tf+S? =£(-!)''
¡=0

(e2 + e2)m-2,(e2e2)' = (1 -2w')m       (mod 2mf

for any m £ N. It follows that A2 = (1 - 2m')c (mod 2m2). Simultaneously,

we have

¿2    e2      s Co     £•>
r2 = —t=^ = d2-

VD e2 - e2

„c-2      -sC-2'-*(<4-,+i-)+«*(a5^-JJ
= c52(e^' + e^1) = c52(l - 2m')c_1     (mod 2m*).

By the same argument, we can get X3 = (—1 + 2m')c' (mod 2mi) and y3 =

<53(-l + 2m')c'_1 (mod 2m2), since x3 = 2m2 + 2m' - 1. From (64), (71) and

(72),

2<54 = A2y3 + A3y2

= S3(l -2m')c(-l +2m')c'-x +S2(l -2m')c_1(-l +2m')c'

= (-l)c'2r52(l - 2m')c+c'"1      (mod 2m2).

It follows that
±1 = (1 -2m')c+c'-x       (mod 2^-'),

whence we deduce that c + c' - I =0 (mod 2m2_mi_1). Since «ii > 3 and

w2 > 3.6m!, we have c + c' - 1 > 22-6m'-' > 26-8 > 96. Hence, from (48), (56)

and (70), we get

(73) «4 = cm2 + c'(m2 + mx)> (c + c')m2 > 96«i2 > 4%-^—-,
log 2

since VD < 2"12. On applying Lemma 23 with (73), we obtain D < 220 < 1012.

Thus N(D) = 3 . All cases are considered and the assertion is proved.

The combination of Assertions 1 and 2 yields the theorem.
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