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ON THE GENERALIZED RAMANUJAN-NAGELL
EQUATION x2 — D = 2n+2

LE MAOHUA

ABSTRACT. Let D be a positive integer which is odd. In this paper we prove
that the equation xZ — D = 2"*2 has at most three positive integer solutions
(x, n) except when D = 22" — 3.2m+l 4 | where m is a positive integer
with m > 3.

1. INTRODUCTION

Let Z, N, Q be the sets of integers, positive integers and rational numbers
respectively. Let D € N be odd, and let N(D) denote the number of solutions
(x, n) of the generalized Ramanujan-Nagell equation

(1) *-D=2"*  x>0,n>0.!

In [1], Beukers proved that N(D) < 4. Simultaneously, he showed that if
N(D) > 3, then D must be among the following types:

) D=2*m-3.2"1 11, meN, m>3.

(I) D = ((2>™*1 —17)/3)? =32, meN, m > 3.

(III) D = 22m + 22my _ ymyt+m+l _ ymp+l _ om+1 4 1,2 my, my € N,
my>m+1>2.

Moreover, equation (1) has exactly four solutions (x, n) = (2" - 3, 1),
2m—-1,m), 2"+1,m+1),and (3:2"—-1,2m+ 1) if D is of type I. In
this paper, we completely determine all D for which N(D)=4.

Theorem. If D is of type 1, then N(D) =4 otherwise N(D) < 3.

2. PRELIMINARIES

Lemma 1 {3, Formula 1.76]. For any m € N and any complex numbers o, 8,
we have
g = S 1|7 et By

i=0
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where

[T]z(’?m;_’;l;)# i=0,...[5]

are positive integers. O

Lemma 2 [2, Theorem 6.10.3]. Let a/b, a'/b’, a"/b" € Q be positive with
ab' —a'b = x1. If a"/b" lies in the interval (a/b,a’|b"), then there exist
positive integers ¢, ¢ such that

a'=ca+ca, b =cb+c'b. O
Lemma 3. If (U, V) is a positive solution of the equation
(2) Ur-21rt=1
with 2m* V' for some m € N, then U + V2 = (3+2V2)*" for some t € N.

Proof. Since 3 + 2v/2 is the fundamental solution of equation (2), we have
U+VV2=(3+2V2) forsome y € N. Then

((r-1)/2)
(3) V=Y (
i=0

If 2m+!|V | then from (3) we see that 2|y . Further, if 2*||y, since

) _ 3j+1
( v )23J+1=y(” 1>2 =0 (mod2*?) for j >0,

y—2i—193i+1
2i + 1)3 27

2j+1 2j J2j+1
we obtain A > m by (3). The lemma is proved. O

Let d € N be nonsquare, and let k € Z with ged(k,d)=1.

Lemma 4 [2, Theorem 10.8.2). If |k| < Vd and (X, Y) is a positive solution
of the equation

(4) X?-dY*=k, gd(X,Y)=1,
then X|Y is a convergent of Vd. 0O

It is a well-known fact that the simple continued fraction of vd can be
expressed as [ag, 4y, ..., as], where ap = (\/3) , as = 2ag, and a; < 2aqy for
i=0,...,s—1.

Lemma 5. For any nonnegative integer j, let pj/q; and y; denote the jth
convergent and complete quotient of v/'d respectively. Further let
ki=(-1)""(p}-dq}) and A;=(-1)Y(pj-1p; —dgj-14))-

Then we have:
(l) kj >0, Aj >0, and

(5) Ajyy = [Aj -};\/3] .
J

(ii) kj =1 ifand only if aj;\ = 2a9.
(iii) Let

t_{s_l) l:lesa
T l2s—1, if2ts.
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Then p, + q,Vd is the fundamental solution of the equation
(6) u> —dv?=1.
(iv) Forany m e N, kys,i=ki (i=0,...,5-1).

WM If1<k<Vd, 2d#0 (modk) and equation (4) has solutions (X, Y),
then it has at least two positive solutions such that

(7) X<pl: Y<qt
Proof'Since20.<...<22m<p2._mtl<...<\/‘_1"<...<pl_m+_l<pi"-_l<...<ﬂ
d m A2m+2 Dm+1 A2m—1 q

forany m e N, we get k; >0 and A; > 0. Since p;_1q; —pjqj—; = (=1)/, we
have

(8) pi=A9;+kigiy, dgi=A48pj+kpj_i,
(9) d=A§+kj_|kj.
So we obtain

_Dj-1 -~ gj-1Vd _ _(pj-1 - gj-1Vd)(p; + g;Vd) _ Aj+Vd
pj—aq;Vd (pj — q;Vd)(p; + ¢;Vd) ki

Since aj;1 =[yj+1], (5) is proved by (10).
If kj =1, then from (8) we get

(11) pilai =A4;+4;-1/q;.
From

(10)  7jm =

[‘Ij—l:I _{ I, ifj=landgy=¢ =1,
q; 0, otherwise,

we obtain A; = ao by (11), and aj;; = 2ap by (5). On the other hand, if
ajy1 = 2ap, since Aj < Vd by (9), then we have k; = 1 by (5). Thus (ii) is
proved.

By (i1), (iii) is clear. In addition, (iv) is Theorem 10.8.3 of [2].

Let (X, Y) be a solution of equation (4). Since k > 1 implies XY # 0,
then (|X|, |Y|) is a positive solution of equation (4). By Lemma 4, |X|/|Y]
is a convergent of Vd since k < v/d. Hence | XI/1Y| = pars1/q2r41 (¥ > 0).
Then there exists the integers a, i such that a >0, 2|as, 2ti,and 0< i< ¢,
since k > 1. By (iv), we have k; = k. It follows that (p;, ¢;) is a positive
solution of equation (4) with (7). Let

(12) X' =pipi—daiq,, Y' = piq; — piq;.
Then X', Y’ are coprime integers. From
X?-dY? = (p} —dq?)(p} —da?) =k,

we see that (X', Y') is a solution of equation (4). Further, (X', Y’) is a
positive solution by
vd

0<X' - Y'Vd = (pi +qVd)p, - qV/d) = Z2IVE .
pl+ql\/g

By Lemma 4, X'/Y’ is a convergent of Vd . From
X' +Y'Vd = (pi - qVd)(p + aVd) < pi+ qVd,
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we get X' < p, and Y' < gq,. If (X', Y') = (pi, q), since ged(pi, q;) = 1,
then from (12) we get
p—-1=caqi, dg=capi, p+l=cp, a=aq, ca,ceN

Since ¢p; = c,dq;, we have ¢, = cq;, c;d = cp;, where ¢ € N. Hence
2d = cydp;—c1dg; = c(p?—dq?) = ck = 0 (mod k), a contradiction. Therefore
(X', Y')# (pi, @), (v) is proved. O

Let I(d) = {(dl, dz)ldl,dz €N, did, =d, ng(dl, dz) = 1}, and let
I'(d) =1(d)\{(1, d)}.

Lemma 6 [4]. There exists at most one pair (d,, dy) € I'(d) which make the
equation

(13) diu? —dyv"? =1
has solutions (u',v'). O

Lemma 7 [2, Theorems 11.4.1 and 11.4.2]. Let (d,,d,) € I(d). If (X, Y) is
a solution of the equation

(14) diX?—dyY*=k, gd(X,Y)=1,
then there exists a unique integer | such that
1=d1aX—d2ﬂY, O<1S|k|,

where o, f € Z with BX —aY = 1. Such | is called the characteristic number
of the solution (X, Y), and it will be denoted by (X, Y). If (X,Y) =1, then
we have

2 _
diX=-1Y (modk), I>’=d (mod k), gcd(k,Zl,l—kg)=l. O

Lemma 8 [2, Theorem 11.4.2]. Let (X, Y1), (X2, Y2) be solutions of equation
(14). Then (X,, Y)) = (X5, Y2) ifand only if

XoV/dy + Yav/dy = (XiVdy + YiVdy)(u + vVd),
where (u, v) is a solution of equation (6). O

Lemma 9. If 2{d and the congruence
(15)

2 _
P=d (mod2m?), 0<I[<2m?, gcd<2m+2,21,1-27+7d>=1,

has a solution | for m € N, then it has exactly one solution I' = 2m+2 — | with
I'#1.

Proof. Let I' be a solution of (15) with /' # [. Since 2 { d implies 2 ¢{
II', we get from [2 = > = d (mod 2™*2) that /' = 6/ (mod 2™*!), where
0e€e{-1,1}. If § =1, then /' = [ + 2™+!t for some ¢ € Z. Notice that
24 (12 -d)/2m+? and 21 (I"* —d)/2™*?. From

2 _ 2 _
F-d_1 d+lt+2’"t2,

m+2 . Jm+2
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we get 2| ¢, and so /' =/ since 0 </, [’ < 2™*2, This is a contradiction.
Hence § = —1. Then /' = -] +2™t1¢ for some ¢t € Z. From

?-d 1*’-d
2m+2 = m+2

—It+2m2,
we obtain // =2m+2 _ ] since 0 </, I’ <2™*2 The lemma is proved. O

Lemma 10. Let m € N, and let (d,,d>) € I(d). If 24d and (Xo, Yy) isa
solution of the equation

(16) diX? —dyY? =2m*2, ged(X,Y)=1,

then all the solutions of equation (16) are given by

XVd, + Y\Vdy = (Xo\/dy + Yo/dy) (u+ vVd),

where (u, v) is an arbitrary solution of equation (6).

Proof. Under the assumption, (Xy, —Yp) is a solution of equation (16) too.
Let [ = (Xp, Yp). Then (X, —Yo) = —/ (mod 2™*2). By Lemma 9, we have
either (X, Y) = (Xp, Yp) or (X, Y)=(Xy, —Yp) for any solution (X, Y) of
equation (16). Thus, by Lemma 8§, the lemma is proved. O

Lemma 11. If 2{d and the equation

(17) X?2-dY?=2°*?  gcd(X,Y)=1, Z>0,

has solutions (X, Y, Z), then it has a unique positive solution (X, Yy, Z;)
such that

Xy + Y]\/g
X, -Y,vVd
where Z runs over all solutions of equation (17), u, +v,vVd is the fundamen-

tal solution of equation (6). Such (X, Yy, Z,) is called the least solution of
equation (17). Moreover, all solutions of equation (17) are given by

t
Z -2z, X+2Y\/3___ (Xl izYl\/z> (u+v\/2)’

(18) Z,<Z, 1< < (uy + v Vd)?,

where t is an arbitrary positive integer, (u, v) is an arbitrary solution of equa-
tion (6).

Proof. Let (Xo, Yo, Z;) be a solution of equation (17) with Z; < Z. By
Lemma 10, all solutions of equation (17) with Z = Z, are given by

(19) X +YVd = (Xo = YoVd)(u + vVd).

Since u +vvVd = +(u; +v1vVd)’ (y € Z), we see from (19) that equation (17)
has a unique positive solution (X, Y, Z;) which satisfy (18).
For any ¢ € N, let

X,+Yp\/3 _ (Xl +Y1\/z>t

2 2
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and let
X|+Y|Vd _ Xl—Yl\/d
6= —————— | E= ——.
2 2
By Lemma 1, we have

wa o N UZ B o
X,=e'+8 =) (-1) H (e+8)H(ee) =) (-1) H Xi=2pni,

i=0 i=0

e S M et
vVd H
G o
=Y, Z [ ’](dylz)(z—l)/z—:zz,x , if21t,
i=0
8! _'s'l '

Y = = < t —_tl (1) j j ot (e t/ ' ; ;
t \/‘7 & \/_8 H (821, +_5211 )= Y, Z [ ] (dYIZ)(t —l)/2—122.l
d j=0 i=0 !

a—1 [[2/1/2] ; 2jll Vi dinzi
X H Z (—1) l Xl 2 ’
j=0 i=0
\ ift=20 a>0,2t¢,

Since 2t X,Y; implies 2 { X,Y;, we see that (X;, Y;, Z;t) is a solution of
equation (17). Further, by Lemma 10, all solutions of equation (17) with Z;|Z
are given by

Z =17,

X+2Y\/E = (X' i2Y’\/a> (u+vVd)

= (E}‘ﬁ) (u+ vVd).

Let (X', Y’, Z') be a solution of equation (17) with Z, { Z’. Then Z' =
Zit+ Zy, where t, Zy € N satisfy Zg < Z,. Let [ = (X,,Y,), and let /' =
(X', Y'). By Lemma 7, we have

I?=d (mod 29*?), 1?7 =d (mod 27 *?),
X, =-1Y, (mod 2"*2),  X'=—!'Y’' (mod 2%'*2).
Since 21t 1I', we get I' = 6] (mod 27**?), where 6 € {1, 1}. From (20),
X, X' —6dY,Y' =0 (mod 27"+%), XY -0X'Y, =0 (mod 27*2),
There exists the integers X", Y” such that
(21) X, X' —6dYY =222 x" XY —6X'Y, =25+2y",
Then

(20)

X'Y' (X2 -dY?) =0 (mod ged(2:+2X", 2211+2y"y),
Since 24 X'Y’, we get 2{ged(X”, Y"”). From (21) and
EntHd — (X2 _ Y2 (X? -dY?) = (X, X' —8dY,Y') —d(X,Y' —5X'Y,)?,
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we have
X//Z _ dY”2 270,
Since d =1 (mod 8) implies Z; > 2, we see that (X", Y", Zy—2) is a solu-
tion of equation (17) with Z < Z,, a contradiction. The lemma is proved. O

Lemma 12. Let (dy,dy) € I'(d). If 2td and the equation
(22) diX?—dyY? =272 ged(X',Y)=1, Z'>0,

has solutions (X', Y', Z') then equation (17) has solutions (X,Y ,Z). More-
over, if equation (13) has solutions (u', v'), then all solutions of equation (22)
are given by

(23) Z'=Z, X'Vdi+Y'Vdy=(X+YVd)d +v'Vdy),

where (X,Y ,Z) and (u',v') are arbitrary solutions of equations (17) and
(13) respectively. If equation (13) has no solution, then all solutions of equation
(22) are given by

ll
24) z'=zlt, X‘/d—‘;’y\/a;=<Xﬂ/‘_’7jY”/£) (4 + vVd)

where t' is an arbitrary positive integer with 2 { t', (u,v) is an arbitrary
solution of equation (6), (X|, Y|, Z{) is a unique positive solution of equation
(22) such that

1
(25) Z|= Z , <X v + Y'\/d_z < (uy +vVd)?,
2 X’J’ Y{Vd,
where (X1, Yy, Z,) is the least solution of equation (17), u, + v\vVd is the
fundamental solution of equation (6). Such (X[, Y|, Z]) is called the least
solution of equation (22).

Proof. Let (X', Y', Z') be a solution of equation (22). Then

2
(d]X’Z-;-dZY’z) _d(X/Y/)Z _ 2221+2,

where (d1 X2+ d,Y'?)/2 and X'Y’ are coprime integers. It follows that equa-
tion (17) has solutions.

If equation (13) has solutions, then (23) gives out all solutions of equation
(22) clearly.

If equation (13) has no solution, by Lemma 10, equation (22) has a unique
positive solution (X7, Y/, Z|) satisfies Z] < Z’ and

X\/—+Y\/b§ u|+v|\/2)2,
S XV - YiVd

where Z’ runs over all solutions of equation (22). Since ((d; X[+ d,Y[?)/2,
X{Y[,2Z]) is a solution of equation (17), by Lemma 11, we have 2Z| = Z;t
for some t € N. If ¢t > 1, then Z| > Z,. By such that same argument as in
the proof of Lemma 11, there exists the integers X", Y” satisfy

leuz -d, Y"? = 221-2 , ng(X” , YI/) -1
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Recalling that Z] < Z; and equation (13) has no solution. It is impossible.
Therefore ¢ = 1 and (25) is proved.

Finally, by such the same argument as in the proof of Lemma 11, we can
prove that all solutions of equation (22) are given by (24). The proof is com-
plete.

Lemma 13. If 21d, then there exists at most two distinct pairs (d,, dy) € 1(d)
which make equation (16) have solutions (X,7Y).

Proof. Let (d\,dy), (d{,d;) € I(d) with (dy, d,) # (d], d;). We assume
that the equations

(26) di X? - dyY? =2m+2, ged(X,Y)=1,
and
(27) diX?—d)y?=2"2  ged(X',Y')=1,

have solutions (X, Y) and (X', Y’) respectively. Let / = (X, Y) and /' =
(X',Y'y. By Lemma 9, we have /' = §/ (mod 2™+2), where § € {-1, 1}.
Further, by Lemma 7, we have
d\X =-1Y (mod2™?), diX'=-I'Y' =-6lY (mod 2™*?).
Hence
(28) didiXX'=61°YY' =6dYY' (mod 27+?),
d\6IXY' =d|IX'Y (mod 2"*2).

Let dy; = ng(dl , d{) , dip = ng(dl , dé) , dy = di/d“ , dypp = dé/dlz . Since
didy = did;y = d, then d| = d\\d\z, dy = dyndy, di =dndy, dj = dixdy,.
Notice that 2{d!l'’. We obtain from (28) that

diXX' —8dpuYY =dXY' —8dy X'Y =0 (mod 27+2),

whence we get
(29)  dnXX' —8dnYY' =22 X", dia XY' - 0dy X'Y = 2m+2y"
where X", Y"” € Z. By (26) and (27),
22m+4 — (lez _ szz)(d{X'z _ dﬁY'z)

=d{(d XX —38dnYY')? —di(dpXY' —6dyX'Y)?,
where d|' = d\ydy, dj = didy with d'd) = d. Substituting (29) into (30),
we get
(31) d{,XHZ _ délYl/2 — 1.
Since (dy, dy) # (d}, d;) implies di; > 1, d > 1, and (d]',dy) € I'(d).
From (31), such (d{', d}) is unique by Lemma 6. We note that if (d,, d) is
fixed, then the corresponding (d’, d}) are different for some distinct (d], d}).
This implies the lemma. O

(30)

3. FURTHER PRELIMINARY LEMMAS

Throughout this section, we assume that D is a nonsquare. Notice that the
least solution of the equation

(32) X2-DY?=22_  gd(X,Y)=1, Z>0,

is unique. By Lemmas 12 and 13, the following two lemmas are clear.
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Lemma 14. If there exists two distinct pairs (Dy, D,) € I'(D) which make the
equation

(33) D\ X?-D,Y? =272 gcd(X',Y)=1, Z'>0

have solutions (X',Y',Z'), then the least solution (X,, Y, Z,) of equation
(32) satisfies 2|Z, .

Lemma 15. There exists at most three distinct pairs (Dy, D,) € I'(D) which
make equation (33) have solutions (X', Y',Z'). O

Lemma 16 [1, Lemma 7]. Suppose there exist integers a, b, A, B, m such that

A+B\/5= (a+b\/l_)

> 3 ) , m>1,b#0,a=Db (mod 2).

If D>1 and D=1 (mod 8), then |B| > 1 except when m =2 and a, b €
{-1,1}. O

Lemma 17. If (x, n) is a solution of equation (1), then (x, 1, n) is a solution
of equation (32). Let (X,, Y1, Z1) be the least solution of equation (32), and
let uy; +v;vVD be the fundamental solution of the equation

(34) u* —Dv? =1.
Further let
;- X1+ 1vD -_X-hvD
(39) - 2 ’ N 2 ’
p=u,+v1\/5, ﬁ=u1—vl\/l—).
Then
(36) n=Z]t, wzatﬁs> 66{_1’1}’

where s, t € Z satisfy
2, if2]s, 2|t and x = 2§,
1, otherwise.

Proof. By Lemma 11, (36) holds for some s,¢t € Z with s > 0 and 7 > 0.
Moreover, by Lemma 16, s and ¢ satisfy (37). The lemma is proved. O

(37) s>0, t>0, gcd(s,t)={

Lemma 18. Under the assumption of Lemma 17, we have § = xY,/X, (mod 4).
Proof. Let

X+YVvD
—_— =g,
2
By Lemma 1, we have X, Y € Z satisfy

[/2) , [t/2) , )
ot g _ [ V=20 ap\i | t=2inZ,i
X=¢+8=) (-1) H (e+2)~ %) =Y (1) H Xz
(39) i=0 i=
_ { X! —2tX{? (mod 4), ifZ, =1,

X! (mod 4), ifZy>1,

(38) u—-vvVD=7p".
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( Y!+2tY/7? (mod 4), ifZy=1,211t,

(YY 420! =2)(X! = 2¢/X'~2) (mod 4),

= ifZ,=1,t=2t,a>0,2¢t¢t,
Y! (mod 4), ifZy>1,2¢tt,

[ Y/ X! (mod 4) ifZ >1,t=2¢,a>0,210,
since D =1 (mod 8). Notice that 4 | v when D =1 (mod 8). Then from

x+;5\/5= (X+;’\/5> (u—oVD).

weget x =Xu—DYv =Xu (mod4) and 6 = Yu — Xv = Yu (mod 4), and
SO

(40) Y=

(41)

(42) = % (mod 4).

Since X? = DY? (mod 8), substituting (39) and (40) into (42), the lemma is
proved. O

Lemma 19. If (x, n) is a solution of equation (1) with 2 | n, then 2" < D?/16.

Proof. Under the assumption, we have x 4+ 2"/2+! = D, and x — 2"/?*! = D,
where (D;, D,) € I(D). It follows that 2"/?*2 = D; — D, < D~ 1< D. Thus
the lemma. O

Lemma 20. If (x, n) is a solution of equation (1) with 2tn, then 24 Zt and
(x, 22=D/2) s a solution of the equation

(43) x?-2242y2 =D ged(x',y) =1,
satisfying .
(x', 22(=D/2)y = { —Xi (mod D), if2]s,

’ | =Xu, (mod D), if2¢s.

Proof. By Lemma 7, we have
_ X
(44) (X , 221((! 1)/2)> = —m (mod D).
From (38) and (41), we get
Xl S
x=Xu= —2'1?1' = 22'(("')/2)X|u51

(43) {221<<f-1>/2>x. (mod D),  if2]s,

2a(=D/2 x4, (mod D), if2ts,
since 21 Zt, X} =2%*? (mod D) and u? =1 (mod D). Substituting (45)
into (44), we obtain the lemma. 0O

Lemma 21. Let (X, Y,, Z,) be the least solution of equation (32). If 2r%1%2 <
VD for some r € N, then the fundamental solution p = u; +v,VD of equation
(34) satisfies p > D"/?/2% 2,

Proof. By Lemma 11, there exists X;, Y, €Z (i=1,...,y) such that

X} - DY} =222 ged(X;, V) =1, i=1,...,r
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Since 2%1+2 < v/D, by (v) of Lemma 5, v'D has 2r convergents p;/g;, and
P/, (i=1,...,7) such that

ksi=kti=22'i+2, 2tsiti, 0<si, ti<t,i=1,...,7,

where ¢ was defined in (iii) of Lemma 5. Therefore, by (i) of Lemma 5, we
have

. l=[Asi+\/5} vD

kS,‘ 221i+2 ’
(46)
_ Ati + \/5 \/l_) —1
al,'+1 - k[r 2Z|i+2 s — 1. , I

Notice where py =ag, py =apa; + 1, and pj.2 = ajopj +p; for j>0. By
(ii1) of Lemma 5, we deduce from (46) that

t 14
p>ur=p>[]aj2a]]aa,
j=0 i=1

2
(y JT)) apD’ D2
>ao | [ = >
i=1

2zi+2 T or(r+ 1)z +4r 22r-27
since ag = [V/D]. The lemma is proved. O

Lemma 22 [1, Lemma 6 and the proof of Theorem 3). Let (x, n), (x', n'),
(x"", n") be three solutions of equation (1) with n” > n' > n. We have:

(i) If x' —x =2, then either D is of typel or D is of type lll and (x, x') =
(2m2 —2mi — [, 2M — 2™ 4 1),

(ii) If x’ —x =4, then D is of type 1.

(iii) If D is of type Il and (x, x', x") = (22" — 17)/3, (2¥"+!1 +1)/3,
(17-22m+1 —1)/3), then n" =2n' + 3.

(iv) With the exception of above cases, x' —x > 6 and n"” >2n'+53. O

Lemma 23 [1, Corollaries 1 and 2]. If (x, n) is a solution of equation (1),
then n < 433 + (10logD)/log2. Moreover, if D < 2°, then n < 16 +
(2logD)/log2. O

4. PROOF OF THEOREM

By Theorems 3 and 4 of [1], it suffices to prove that N(D) = 3 while D >
10'2 and D is of types II or III. Moreover, if D is a square, then N(D) < 1.
We may assume that D is not a square.

Assertion 1. If D is of type 1, then N(D)=3.

Proof. In this case, equation (1) has three solutions
22m+l —17 22m+1

(X1, m) = (————3— 3) , (X2, n2) = (—,2m+1> ;

. 2m+1
(x3, n3) = (ug—l,4m+5).

(47) 3




820 LE MAOHUA

By the proof of Theorem 3 of [1], if N(D) > 3, then equation (1) has another
solution (x4, n4) with ny > n3. By Lemmas 19 and 22, we see that 2 { ny.
Let (X, Yy, Z;) be the least solution of (32), and let ¢, &, p, p be defined as
in (35). Then, by Lemma 17, we have

Xi+ 5,’\/5 _
— =

(48) ni=2t;, Stiﬁsi, 5[6{—1,1},i=l,...,4,

where 5;,t,€Z (i=1,...,4) satisfy
(49) $; >0, ti >0, ged(s;, t) =1, i=1,...,4.

We see from (47) and (48) that equation (43) has three solutions (x;, 27(4=1/2))
(j=2,3,4). Let [; = (x;,22L=D/2) (j=2,3,4). By Lemma 7, we get
from (47) and (48) that

22m+1 +1 17 - 22m+1 -1

b-b=-3 5 ot 3w
2(z=D/2 Im+3 2m+1 m+2
g_m(z -17-2 +2"%°+1) #0 (mod D).

It follows that /, # /5. Further, by Lemma 20, we have either /4 =1, or [y =15.
Furthermore, by Lemma 8, we get

X4 + 221((ta=1)/2){ /92, +2
(x2 + 22(=0\2 42U + V'V2242) | ifly =1,
T G+ 22DV U+ VIVIER), ifly =1y,

and hence

(50) 2a((te=1)/2) _ { XV +20(B=bRY", l:fl“ = b,
x3V' 2=y gl =1,

where (U’, V') is a positive solution of the equation

(51) U? 2522 = |,

Since t3 > t, , we obtain

(52) 221((12—1)/2)”//

by (50). On applying Lemma 3 with (52), we have

(53) U+ V'V2a+2=(3+2V2),  yeN,

since Zit; = 2m + 1. From (53), we deduce 2U’ > 252""" and

(54) ng>2m+1+5-2"

by (47), (48), and (50). On the other hand, by Lemma 23, we have

(55) na < 433 + 1011?;2) < 433 + 40m

since D < 24", The combination of (54) and (55) yields m < 7 and D <
24m < 228 < 1012, Thus the assertion is proved. O
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Assertion 2. If D is of type 111, then N(D)=3.

Proof. In this case, equation (1) has three solutions
(X1, mp) = (2" =-2™ -1, my),

(56) (2, m2) = (2™ =2" + 1, my),
(x3,n3)=(2" +2™ — 1, my + my).

If N(D) > 3, then equation (1) has another solution (x4, ng4) with n4 > nj.
Moreover, then (48) and (49) still hold by Lemma 17.
When 2|m; and 2|m;, we get from (56) that

Dyj — Dyp = 2™M/2+2 Dy — Dy = 2™/*42
where
Dy =2m — 2™ 4 om/2+1 _ | , Dy =2m —2mi _ omi/2+1 _ 4
Dy = 2™ 4 2ma/2+1 _pmiy | Dy = 2" = 2m/3 _gmi 4 .

Since (D11, Di2), (D21, Dyp) € I'(D) and (Dyy, D13) # (Dyy, Da,), by Lemma
14, the least solution of equation (32) satisfies 2|Z; . Therefore, 2|ns by (48).
Then we have

D3; — D3y = 20m4mi242 - Dy — Dyy = 2m/2+2

b

where

D31 =2m 4 2(mz+m,)/2+l 42m ] , D32 —m _ 2(m2+m|)/2+l 42m _ | ,
D4] = X4+ 2n4/2+l , D42 =X4— 2n4/2+1‘

Since (D31 , D32) s (D4| , D42) € I’(D) , and (D,'l , DiZ) (l =1,..., 4) are
different, this implies that there exist four distinct pairs (D, , D,) € I'(D) which
make equation (33) have solutions. By Lemma 15, it is impossible.

When 2 | m; and 2 t my, we have 2 t+ Z, by (48). If 2 | n4, since
2| my, we see from Lemma 14 that 2 | Z;, a contradiction. Therefore 2t n4
and equation (43) has three solutions (x;, 2#1(=D/2) (j = 2,3, 4). Let
lj = (x;,22(L=D/2y (j=2,3,4). From (56), we get

2m —pm 41 2m2 g pm=l
26-02) T T annon/)

(z21=1)/2
2 S(=2"™/2(2m — 2™ 4 1) 4 (2™ + 2™ — 1)) £ 0 (mod D).

= Smrmi—1)]

It follows that /, # /5 and either /4 = /, or /4 = /3 by Lemma 20. By such
the same argument as in the proof of Assertion 1, then (50) and (52) still hold.
Hence

[2—135—

U'+V'V2a+2 = (34 2v2)2™ " 5 €N,

(my—3)/2

whence we get 2U’ > 232 . On applying this with (50), we obtain

(57) ng > my + 5. 2m=3/2,
On the other hand, since vD < 2™, we have
(58) ne < 433+ 1082 4331 20m,

log 2
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by Lemma 23. The combination of (57) and (58) yields m; < 17 and D <
234 < 10'2 | which is in contradiction with the assumption.

Let 2t mym, and 3.6m; > m,. Since 2 | my + m;, we have 2 1{ n4, and
equation (43) has three solutions (x;, 2#(L=D/2) (j=1,2,...,4). Let [; =
(xj,22L=D/2)y (j=1,2,4). By Lemma 7, we obtain /; # /,. Furthermore,
by Lemma 20, we have either /; =/, or /4 = [;. By such the same argument as
in the case that 2 | m; and 2{m,, we can prove ly # /. If Iy =1, we have

X+ 28=D/2) 32142 = (2m2 — 2 _ 1 4 221((i=1/2)\/2242) (U’ + V'V2z1+2)
whence we get

221((ta=1)/2) — (2"12 —om _ l)V/ +2at=D/2) ,
where U’, V' € N satisfy (51). Hence 221((t=1)/2)|y" and

VI
—-1)/2) _ )

(59) 221((ts n/2) = (2'”2 —2Mm _ l)m +U'.
Further, by Lemma 3, we have
(60) U'+V'V2a+2 = (3+2V22" " y€eN,

since m; = Zt; and 2 { Z,. Furthermore, we see from (60) that U’ = 1
(mod 8) and
V' _ R2m=D2ey
m=3 y =3r (mod 8)
since m; > 3. Hence, we obtain y =3 (mod 8) by (59). It implies that y > 3
and U > 2152

by (60). On applying this with (59), we get

(61) ng>my+15.20m=0/2 _ 2,
On the other hand, by Lemma 23,
(62) ns < 433+ 10082 _ 4334 20m, < 433 + 72m,.

log2

The combination of (61) and (62) yields m; < 13 and D < 2™ < 272m < 29
On applying Lemma 23 again, we have
ng <16+ 2!£2 <16+4m, <16+ 14.4m;,.
log2

On combining this with (61), we get m; < 5 and D < 2% < 10'2. Thus
N(D)=3.

Using the same method, we can prove the assertion for the case that 2 { m;,
2| my,and my < 3.6m,.

Let 24 m; and mjy > 3.6m,;. We obtain from (48) that

t3 t
M Saly M S3t)
(63) ( 3 ) pr = (BEBVRY pots
Since x; =1 (mod 4) and x3 = —1 (mod 4), we have

(64) 0y =—03
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by Lemma 18. Since 2™ — 2™ — 2 < /D < 2m —2m _ | we have

X2+ vD
2

X3+\/5
2

by (48) and (56). Hence, from (63) and (64),

(65)
X2 +§2\/5 ~tlog X3 +g3\/5

X2+\/B X3+\/l—)
2 2

t3log + t;log > tht3log 2%

|s213 — s312|log p = |t31o0g

= t3log
<n3 lOg%((zm: —om 4 1) + (2m2 —om _ 1))

+iplog 1((2™ 4+ 2™ — 1) + (2™ = 2™ — 1)) — t3]0g 2™
< tlog2™,

+ tplog — hit;log 2%

Notice that only one of n; and n3 is even. We see from (49) that 2t s¢3—s32, .
If |sat3 — s382| > 1, then |syt3 — 83t >3 and

(66) 3logp < tplog2™
by (65). Recalling that m, = Z;t, and 2} Z; . Since 2™~! < /D < 2™ | we
get
: 2(12 z|+2’ if 7, = 1,
vD > { ¥z

(ta— l)z1+2, le] > 1.
By Lemma 21, we have

(t2 —3)1 4)logd, ifZ, =1,
(67) logp> | (27 3loevD - Nogd, i Zy

(t; — 1)log VD — 2)log4, ifZ;>1.
Recalling that D > 10'?2. The combination of (66) and (67) yields

4 ifZ; =1
tzS{ , l:fl ,
2, fZ,>1,

a contradiction. Thus
(68) SHty — s31p = 1.
Let o = (log(e/€))/log p?, and let

x+vD
A(x, n)=1lo ,
om=loe" 5
for any solution (x, n) of equation (1). Then we have
si_ 0iA(xi, ni) .
(69) G- oo’ i=1,...,4,

by (48). We see from (64) that o lies in the interval (s,/t;, s3/t3) . Moreover,
since t4 > t; and A(xs, n4) < A(xj, nj) for j =2, 3, we see from (69) that
s4/t4 lies in the interval (sy/t2, s3/t3) too. By Lemma 2, we get from (68) that

(70) ty =cty+C't3, S4 =CSy +C's3, ¢, c eN.
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From (48) and (70), we have

X4 +54\/5 _ El‘ﬁs“ _ (X2 + 52\/’D‘>c (x3 + 53\/5)0

(71 2 2 2

Let

(72)

Xy + Yz\/ﬁ _ <XQ+52\/B>C X3+ Y3\/E _ <X3+53\/5>c
2 B 2 ’ 2 B 2 ’

Then X,,Y,, X3, Y; are integers. Let & = (x; + d,v/D)/2, and & =
(x3 — 0,v/D)/2. Since &+ 8 =x3 = 1 —2™ (mod 2™) and &8, =2™ =0
(mod 2™2), by Lemma 1, we have
2 . 4
ey +8 = Z (-1) [ ; ] (&2 +52)m_2'(£2§2)' =(1-2m)" (mod 2™?)
i=0
for any m € N. It follows that X; = (1 — 2™)¢ (mod 2™2). Simultaneously,
we have
&5 — & _5 &5 — &

VD e -8

| 8c—2_3c—-2
=6 [ (5 +8) + a8y | 22—
2 | (&3 ) )t &t 5%

=85 +8 ) =8(1-2m)"1 (mod 2™).

Y, =

By the same argument, we can get X3 = (=1 + 2"™)¢ (mod 2™) and Y3 =
d3(—=1 +2™)<'~1 (mod 2™), since x3 = 2™ + 2™ — 1. From (64), (71) and
(72),
204 = X Y3+ X3Y>

= G3(1 = 27) (=1 +2)7 1 4 6y(1 = 27)¢ (=1 4 2m)¢

= (=1)28,(1 = 2™)<+' =1 (mod 2™).
It follows that ,

+1=(1-2m)*=1  (mod 2™!),

whence we deduce that ¢+ ¢’ — 1 = 0 (mod 2™~™~!)_ Since m; > 3 and
my > 3.6m; , we have c+c’ —1 > 226m—1 5 268 5 96 Hence, from (48), (56)
and (70), we get
(73) ng=cmy +c'(my+my) > (c+c')ymy>96m; > 48%,
since v/D < 2™ . On applying Lemma 23 with (73), we obtain D < 220 < 102,
Thus N(D) = 3. All cases are considered and the assertion is proved.

The combination of Assertions 1 and 2 yields the theorem.
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